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The hallmark of superconductivity is the rigidity of the quantum-mechanical phase of electrons,
responsible for superfluid behavior and Meissner effect. The strength of the phase stiffness is set
by the Josephson coupling, which is strongly anisotropic in layered superconducting cuprates. So
far, THz light pulses have been efficiently used to achieve non-linear control of the out-of-plane
Josephson plasma mode, whose frequency scale lies in the THz range. However, the high-energy
in-plane plasma mode has been assumed to be insensitive to THz pumping. Here, we show that THz
driving of both low-frequency and high-frequency plasma waves is possible via a general two-plasmon
excitation mechanism. The anisotropy of the Josephson couplings leads to marked differences in the
thermal effects among the out-of-plane and in-plane response, consistently with the experiments.
Our results link the observed survival of the in-plane THz non-linear driving above Tc to enhanced
fluctuating effects in the phase stiffness in cuprates, paving the way to THz impulsive control of
phase rigidity in unconventional superconductors.
Order and rigidity are the essential ingredients of any
phase transition. In a superconductor the order is con-
nected to the amplitude of the complex order parameter,
related to the opening of a gap ∆ in the single-particle ex-
citation spectrum. The rigidity manifests instead in the
quantum-mechanical phase of the electronic wave func-
tion, associated with the phase of the order parameter1.
Twisting the phase is equivalent to an elastic deforma-
tion in a solid, meaning that its energetic cost is vanish-
ing for sufficiently slow spatial variations. On the other
hand, since phase fluctuations come along with charge
fluctuations, long-range Coulomb forces push the ener-
getic cost of a phase gradient to the plasma energy J1,2.
While for ordinary superconductors this energy scale is
far above the THz range, in layered cuprates the weak
Josephson coupling among neighboring layers3–5 pushes
down the frequency of the inter-layer Josephson plasma
mode (JPM) to the THz range.6,7 The possibility to
manipulate the inter-layer JPM by intense THz pulses
has been theoretically discussed long ago within the con-
text of the non-linear equation of motion6–11. This ap-
proached turned out to successfully capture the main fea-
tures of a series of recent experiments12,13, even though
a full quantum treatment of the JPM able to capture
thermal effects across Tc is still lacking. On the other
hand, non-linear effects induced by strong THz pulses
polarized in the planes14–16 have been discussed so far
only within the context of the SC amplitude (Higgs)
mode, whose excitation energy H = 2∆, ranging from
5 to 10 THz in cuprates, appears as a better candidate
than high-energy in-plane plasma waves. Nonetheless,
the observed monotonic temperature dependence of the
non-linear response15,16, its persistence above Tc16 and
its polarization dependence14 do not easily match the ex-
pectations for the Higgs mode. The same problem holds
considering lattice-modulated charge fluctuations, which
are expected to dominate in the clean limit17,18 but be-
come less relevant19–22 and strongly isotropic22 when dis-
order is considered.
Here we provide a complete theoretical description of
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Figure 1. (a) Schematic view of the mexican-hat potential for
the free energy F (ψ), with ψ the complex order parameter of
a superconductor below Tc. A phase-gradient excitation cor-
responds to a shift along the minima, while a Higgs excitation
moves the system away from the minimun. An intense light
pulse with almost zero momentum can excite simultaneously
two plasma waves with opposite momenta (in red) or a single
Higgs fluctuation (in blue). (b)-(c) Feynman-diagrams repre-
sentation of the (b) plasma-waves or (c) Higgs contribution
to the non-linear optical response. Here wavy lines represent
the e.m. field, solid/dashed lines the plasmon/Higgs field, re-
spectively.
the JPM contribution to the non-linear response of lay-
ered cuprate superconductors, focusing both on third-
harmonic generation (THG) and pump-probe protocols.
We first show that the basic mechanism behind non-
linear photonic of Josephson plasma waves is intrinsi-
cally different from the one of the Higgs mode, see Fig.
1. By pursuing the analogy with lattice vibrations in
a solid, the Higgs mode is like a Raman-active optical
phonon mode. It has a finite frequency at zero momen-
tum, and its symmetry allows for a finite quadratic cou-
pling to light17–25. The phase mode behaves instead like
an acoustic phonon mode, pushed to the plasma energy
by Coulomb interaction, carrying out a finite momen-
tum at nonzero frequency. As such, zero-momentum light
pulses can only excite simultaneously two JPMs with op-
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2posite momenta, making this process strongly dependent
on the thermal probability to populate excited states.
This feature differentiates drastically the temperature de-
pendence of the THG associated with out-of-plane or in-
plane JPMs, since the frequency scale of the former is
comparable to Tc, while it is much larger for the lat-
ter. In addition, in contrast to the Higgs mode17,21, for
a light pulse polarized in the planes the signal coming
from JPMs is in general anisotropic, since the momenta
carried out by the two plasmons can be along different
crystallographic axes. All these features not only con-
tribute to the understanding of the existing experimen-
tal measurements,12–16 but they also offer a perspective
to design future experiments aimed at selectively tune
non-linear photonic of Josephson plasma waves in lay-
ered cuprates.
Let us first focus on the out-of-plane JPM. We take
a layered model with planes stacked along z. In the SC
state the Josephson coupling J⊥ of the SC phase φn be-
tween neighboring planes sets an effective XY model:
H = −J⊥
∑
n
cos(φn − φn+1). (1)
An electric field polarized along z enters the Hamilto-
nian via the minimal-coupling substitution1 θn → θn −
(2pi/Φ0)dAz, with θn = φn−φn+1 , d interlayer distance
and Φ0 = hc/(2e). The corresponding out-of-plane cur-
rent density Iz = −∂H/∂(cAz) is given by:
Iz = Jc sin(φn − φn+1 − (2pi/Φ0)dAz), (2)
where Jc = 2eJ⊥/~S, with S surface of each plane. The
Josephson current (2) naturally admits an expansion in
powers of Az to all orders:
〈Iz〉 = χ(1)z Az + χ(3)z A3z + · · · , (3)
where the explicit time convolution of Eq. (3) has
been omitted for compactness. Here, following the
same approach used so far to investigate the Higgs
response17,18,23,24, we rely on a quasi-equilibrium de-
scription, where the leading effect of the intense THz
pump field is to trigger a third-order χ(3) response me-
diated by plasma waves. The quantum generalization
of the model (1) has been widely discussed within sev-
eral contexts6,9,10,26,27. Here we follow the approach of
Ref.s26,27 where long-range Coulomb interactions are in-
troduced within a layered model appropriate for cuprates
(see Ref.28). The Gaussian quantum action for the phase
mode at long wavelength has the usual form:
SG⊥ '
vS
2d
∑
im,kz
4 sin2(kzd/2)
[
2
m +
2
J
] |φ(im, kz)|2, (4)
where 2J = c
2/ε2c = 8piedJc/~ε is the energy scale of the
out-of-plane JPM, im = 2pimT are Matsubara frequen-
cies and v = ~2ε/(16pie2), with ε the background di-
electric constant. In the classical limit only m = 0 is
relevant and one recovers the leading term of Eq. (1),
i.e. a discrete phase gradient along z, as expected for the
Goldstone mode.
To compute the third-order contribution in Eq. (3) we
need to derive the effective action S(4)A for the gauge field
up to terms of order O(A4z) (see Ref.28). By coupling
the gauge field Az to the phase mode via the minimal-
coupling substitution in Eq. (2) and by expanding the
cosine term, one finds that:
S = SG⊥ −
pi2d2
Φ20
∑
n,ri
J⊥
∫
dτA2z(τ)θ
2
n,ri(τ) + · · · , (5)
where dots denote additional terms not relevant for the
χ(3) response. The second term in Eq. (5) can be treated
as a perturbation with respect to SG28, so that integrat-
ing out the JPM one obtains:
S
(4)
A =
∫
dt
∫
dt′A2z(t)K⊥(t− t′)A2z(t′) =
=
∫
dA2z()K⊥()A
2
z(−) (6)
where A2z() is defined as the Fourier transform of A2z(t).
K⊥() is the non-linear optical kernel of the system, given
by the convolution of two JPM propagators, as repre-
sented diagrammatically in Fig. 1b:
K⊥() = K0
J2⊥
J
coth(βJ/2)
42J − ( + iγ)2
, (7)
with K0 a constant prefactor and γ accounting for the
plasmon dissipation.28 From Eq. (6) it immediately fol-
lows that 〈INLz (t)〉 =
∫
dt′Az(t)K(t − t′)A2z(t′). There-
fore, for a monochromatic incident field Az = A0 cos(t)
the non-linear current admits a term oscillating at 3,
whose intensity is given by17,18,23,24
ITHG = I0|K(2)|2, (8)
where I0 is an overall constant. The vanishing of the
denominator in Eq. (7) identifies the resonance of the
non-linear kernel. Since the physical mechanism be-
hind the THG is the excitation of two plasma waves,
the largest ITHG in Eq. (8) occurs when the pump fre-
quency matches the plasma frequency, i.e. = J . This
has to be contrasted e.g. to the case of the THG from
the Higgs mode. In this case the e.m. field excites non-
linearly a single amplitude fluctuation δ∆, via a term like
A2δ∆.17,18,23,24 As a consequence the non-linear kernel,
identified by the dashed line in Fig. 1c, is proportional to
a single Higgs fluctuation, and the THG (8) is resonant
when the pump frequency matches half the mode energy,
i.e. = H/2 = ∆.
The temperature dependence of the JPM non-linear
kernel (7) and the corresponding THG (8) for a narrow-
band pulse are shown in Fig. 2a-d for different values
of the pump frequency . Here we modelled J⊥(T ) and
the corresponding J(T ) according to the out-of-plane su-
perfluid stiffness measured in Ref.13. As we explained,
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Figure 2. (a)-(d) Narrow-band pulse. Temperature and frequency dependence of the non-linear kernel (7) for constant (a) and
temperature-varying (c) damping γ. The dashed line denotes J(T )/J,0. Panels (b),(d) show the corresponding ITHG(i, T ) for
three values i of the pump frequency, normalized to ITHG(J,0, 0). The dashed line represents J⊥(T )/J⊥(0). (e)-(h) Broad-band
pulse. (e) Spectrum of the non-linear current INLz as a function of frequency, normalized to the central frequency Ω of the
pump pulse, shown explicitly in panel (g). The THG signal is now obtained by integrating the peak around 3Ω (gray region in
panel (e)). Its temperature dependence is shown in panel (f), with the same color code of the curves of panel (e). (g) Schematic
of the pump-probe set-up: a weak probe field impinges on the sample with a variable time delay tpp with respect to the intense
pump pulse. (g) Time-dependence of the differential probe field δE(tpp) measured with and without the pump, at different
temperatures. The periodicity of the oscillations matches the 2J(T ) value at each temperature. Here we set J,0/2pi = 0.47 THz
in accordance to the experiments12.
the possibility to match the resonance condition in the
THG (8) depends on the relative value of the pump fre-
quency with respect to J(T = 0) ≡ J,0. In the case
where < J,0, as for = 3 in Fig. 2a, the temperature-
dependence of ITHG(3) is dominated by the maximum
at the temperature where J(T ) = 3. On the other hand,
when ≥ J,0, as it is the case for = 1, 2, the resonant
excitation of the plasma mode cannot occur. However,
ITHG is still non-monotonic, see Fig. 2b, due to the fact
that by increasing temperature the J2⊥/J(T ) ∝ 3J(T ) pref-
actor decreases, while the coth(βJ(T )/2) term increases,
accounting for the thermal excitation of plasma modes.
This thermal effect is particularly pronounced for the
out-of-plane JPM since J,0 is of the same order of the
critical temperature Tc. The absolute value of ITHG de-
pends also on the damping γ present in Eq. (7), which
plays the same role28 of a linear damping term in the
equations-of-motion approach. In Fig. 2c,d we show the
results for a temperature-dependent γ(T ) = γ0 + r(T ),
where r(T ) = r0e−∆/T has been taken in analogy with
previous work11 to mimics dissipative effects from normal
quasiparticles. In this case the plasma resonance is pro-
gressively smeared out by increasing temperature, and
for out-of-resonance conditions the THG signal looses
rapidly intensity as the system is warmed up.
The THG for a field polarized along z has been mea-
sured so far only by means of a broadband pump.13 To
make a closer connection with this experimental setup we
then simulated (see Ref.28) the THG for a short (τ = 0.85
ps) pump pulse Ep(t) with central frequency /2pi = 0.45
THz, as shown in Fig. 2g. The frequency spectrum of the
resulting non-linear current INLz presents then a broad
peak around 3, as shown in Fig. 2e. The integrated
spectral weight of the 3 peak is shown in Fig. 2f at sev-
eral temperatures. Following Ref.13 we used ' J,0, so
the narrow-band response should corresponds to the case
= 2 of Fig. 2d. However, the broadband spectrum of the
pump pulse enhances the response at intermediate tem-
peratures and apart from a small deep around T = 0.2Tc
the signal scales with the superfluid stiffness, in good
agreement with the available experimental data. In the
broad-band case the nature of the non-linear kernel can
also be probed via a typical pump-probe experimental
setup, schematically summarized in Fig. 2g. As it has
been theoretically described in Ref.18,29 for the transmis-
sion geometry, the oscillations of the differential probe
field with and without the pump δEpr(tpp) as a function
of the pump-probe time delay can be directly linked to
the resonant non-linear optical kernel. In the case of the
out-of-plane response (7) one then obtains (see Ref.28):
δEpr(tpp) ∝
∫
dtK⊥(tpp − t)A2z(t)
= F (T )
∫ tpp
−∞
e−γ(t−tpp) sin(2ωJ(tpp − t))A2z(t) (9)
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Figure 3. (a) Temperature and frequency dependence of the
non-linear kernel K‖ for constant damping γ. The dashed
line denotes ‖J(T )/
‖
J,0. (b) I
THG(i, T ) for three i values of
the pump frequency, marked in panel (a), normalized to
ITHG(i, 0). The dashed line represents J‖(T )/J‖(0). As one
can see, when ‖J,0/i is increased the THG intensity progres-
sively approaches the temperature dependence of the stiffness.
(c) Effect of superconducting fluctuations on the THG. Here
the dashed lines simulates the experimental behavior of the
J‖(T ) measured at THz frequencies, with a pronounced tail
above Tc. When ‖J,0/i is increased also the THG signal sur-
vives above Tc, following the fluctuating stiffness. (d) Angular
dependence of ITHG(θ) = |K(θ)|2, whereK(θ) is given by Eq.
(14).
where F (T ) ≡ J2⊥ coth(βJ/2)/2J . When the pump pulse
is short enough one can approximate A2z(t) ' δ(t) and
Eq. (9) shows that the differential field δEpr(tpp) oscil-
lates at twice the JPM frequency, and not at the fre-
quency of the mode, as it occurs for the Higgs mode
observed in conventional superconductors30. This pre-
diction is confirmed when a realistic pump pulse is used
in Eq. (9), as shown in Fig. 2h, which reproduces very
well the 2J oscillations reported at low-temperature in
pump-probe experiments in reflection geometry12.
Let us consider now the effects of a strong THz pulse
polarized within the plane. In this case we can general-
ize the model (4) by taking into account both the two-
dimensional nature of the phase fluctuations in the plane
and the anisotropy of penetration depth measured exper-
imentally in cuprates,3–5 where c ' 10− 100λac depend-
ing on the material and the doping, and ac ' 2000 Å, so
that ‖J = c/
√
ελac is much larger than the out-of-plane
one. Following again the microscopic derivation outlined
e.g. in Ref.26,27 we obtain
SG‖ '
v
2
∑
im,k
k2
[
2
m + (
‖
J)
2
]
|φ(im,k)|2, (10)
where k = (kx, ky) and we promoted the phase dif-
ference to a continuum gradient for the in-plane phase
mode. To describe the non-linear coupling to the e.m.
field we rely again on a quantum XY model, whose
coupling constant is the effective in-plane stiffness J‖ =
~2c2d/16pie2λ2‖. Even though the microscopically-derived
phase-only action is not in general equivalent to the XY
model27, for cuprates this can still represents a reason-
able starting point26. By minimal-coupling substitution
∇φ(r)− (2pi/Φ0)A‖ we then obtain, in full analogy with
Eq. (5), that:
S = SG‖ −
pi2J‖
Φ20
∫
drdτ
[
A2x(τ)(∂xφ)
2 +A2y(τ)(∂yφ)
2
]
+· · · .
(11)
By following the same steps as before we obtain a quartic
action of the form (6), but the non-linear kernel becomes
a tensor which admits two different Kxx;xx and Kxx;yy
components (see Ref.28):
Kxx;xx = 3K‖, Kxx;yy = K‖ (12)
where K‖ has the same structure of Eq. (7), provided
that J⊥ and J are replaced by J‖ and
‖
J . The frequency
and temperature dependence of K‖ is shown in Fig. 3a.
The in-plane stiffness J‖ is taken as linearly decreasing,
in analogy with experiments3–5. Since ‖J(T = 0) ≡ ‖J,0
is of the order of the eV, we only considered the case of
THz pump frequencies i <
‖
J,0. As one can see, when i is
a fraction of J,0 the resonance condition i =
‖
J(T ) is still
attained at temperatures where the kernel is large enough
to give rise to a pronounced maximum in the THG in-
tensity. However, when i  ‖J,0 the resonance is only at-
tained near to Tc where the prefactor has already washed
out the two-plasmon resonace, and the THG scales with
the superfluid stiffness. This can be easily seen from Eq.
(7), since by putting ' 0 in the denominator, and con-
sidering that coth(ø
¯
‖
J) ' 1 at all relevant temperatures,
from ‖J ∝
√
J‖ one finds
ITHG(T,  ‖J,0) ∼ J‖(T ). (13)
The scaling of the THG intensity in the THz regime
with J‖ has several consequences. First, ITHG mono-
tonically increases below Tc, in striking contrast with
the pronounced maximum one would expect for a res-
onance at i = 2∆(T ), due to the Higgs23,24 or charge
fluctuations17,18. Second, the superfluid stiffness appear-
ing in the THG response is the one measured at THz
frequencies. As such, due to pronounced fluctuations ef-
fects at this frequency scale, it vanishes in cuprates well
above Tc16,31,32. The ITHG at pump frequencies signifi-
cantly smaller than ‖J,0 closely follows the same behavior,
as we exemplify in Fig. 3c where we report a simulation
of the superfluid stiffness with a fluctuation tail above Tc.
Interestingly, both the monotonic suppression15 and the
persistence of non-linear effects above Tc15,16 have been
5recently reported in THG and THz Kerr measurements
in cuprate superconductors. Finally, due to the tensor
structure of the in-plane kernel (12), the non-linear cur-
rent associated with JPM for a pump field with a po-
larization angle θ with respect to the x crystallographic
direction scales with:
K(θ) = KA1g +KB1g cos
2(2θ) (14)
where KA1g/B1g = (Kxx;xx ± Kxx;yy)/2. The resulting
ITHG(θ) ∝ |K(θ)|2 is shown in Fig. 3d. According to Eq.
(12), for JPM is KA1g/KB1g = 2. This result is rather
different from the theoretical expectations for other col-
lective modes. Indeed, in a single-band model, as ap-
propriate for cuprates, the Higgs signal has only a A1g
component17,24. The density-fluctuations response has
a largely dominant B1g symmetry in the clean case17,
but it becomes predominantly isotropic in the presence
of even a weak disorder22. As a consequence, the recent
observation14 of a sizeable B1g component at optimal
doping in Bi2212 compounds cannot be simply ascribed
to these collective excitations. On the other hand, it is
worth noting that the ratio KA1g/KB1g = 2 for JPMs
only holds within the phenomenological approach based
on the quantum XY model, where the tensor admits the
structure (12). Indeed, within a microscopically-derived
phase-only model the interacting terms in the phase can
differ from the one obtained within theXY model, as dis-
cussed for the clean case in Ref.27. On this view, while
one expects in general an anisotropy of the non-linear
JPM response, the exact value of the KA1g/KB1g ratio
has to be determines within a microscopic approach.
Our work establishes the theoretical framework to ma-
nipulate and detect JPMs in layered cuprates across
the superconducting phase transition. The basic un-
derlying mechanism relies on the excitation of two
plasma waves with opposite momenta by an intense
field. For the out-of-plane response, we support the well-
established approach based on non-linear sine-Gordon
equations,6,9,10,12,13 adding a complete description of
thermal effects and highlighting the possibility to tune
the resonant excitation of JPMs by changing the tem-
perature. For the in-plane response we suggest the pos-
sible relevance of JPMs to explain several puzzling as-
pects emerging in recent measurements in different fam-
ilies of cuprates.14–16 An open question remains a quan-
titative estimate of the signal coming from the JPMs, as
compared to the one due to Higgs or charge-modulated
density fluctuations. Indeed, as the recent theoretical
work done in the context of conventional superconductors
demonstrated19–22, even weak disorder becomes crucial
to make such a quantitative estimate, and to establish
the polarization dependence of the response22. Here we
notice that the large value of the in-plane plasma fre-
quency comes along with a large value for the in-plane
stiffness J‖, which controls the non-linear coupling of the
JPM to the e.m. field. This suggest that especially near
optimal doping, where J‖ attains its maximum value, a
two-plasmon THG signal can be comparable to other ef-
fects. On this perspective, the theoretical and experi-
mental investigation of non-linear phenomena induced by
intense THz pulses represents a privileged knob to probe
relative strength of pairing and phase degrees of freedom
in unconventional superconducting cuprates.
Authors contributions F.G. and M.U. contributed
equally to this work. L.B conceived the project and su-
pervised its development. F.G. M.U. and L.B. performed
the analytical calculations. F.G. and M.U. performed the
numerical simulations. L.B. wrote the manuscript with
inputs from all the authors.
Acknowledgments We acknowledge useful discus-
sions with C. Castellani, A. Cavalleri, and D. Nicoletti.
We thank the authors of Ref.13 for providing us with
the experimental data of J⊥(T ) used in Fig. 2. This
work has been supported by the Italian MAECI un-
der the Italian-India collaborative project SUPERTOP-
PGR04879, by the Italian MIUR project PRIN 2017 No.
2017Z8TS5B, and by Regione Lazio (L. R. 13/08) under
project SIMAP.
∗ lara.benfatto@roma1.infn.it
1 N. Nagaosa and S. Heusler, Quantum Field Theory in Con-
densed Matter Physics, Texts and monographs in physics
(Springer, 1999).
2 P. W. Anderson, Phys. Rev. 112, 1900 (1958).
3 T. Shibauchi, H. Kitano, K. Uchinokura, A. Maeda,
T. Kimura, and K. Kishio, Phys. Rev. Lett. 72, 2263
(1994).
4 C. Panagopoulos, J. R. Cooper, G. B. Peacock, I. Game-
son, P. P. Edwards, W. Schmidbauer, and J. W. Hodby,
Phys. Rev. B 53, R2999 (1996).
5 A. Hosseini, D. M. Broun, D. E. Sheehy, T. P. Davis,
M. Franz, W. N. Hardy, R. Liang, and D. A. Bonn, Phys.
Rev. Lett. 93, 107003 (2004).
6 S. Savel’ev, V. A. Yampol’skii, A. L. Rakhmanov, and
F. Nori, Reports on Progress in Physics 73, 026501 (2010).
7 Y. Laplace and A. Cavalleri, Advances in Physics: X 1,
387 (2016).
8 T. Koyama and M. Tachiki, Phys. Rev. B 54, 16183 (1996).
9 M. Machida, T. Koyama, and M. Tachiki, Phys. Rev. Lett.
83, 4618 (1999).
10 M. Machida, T. Koyama, A. Tanaka, and M. Tachiki,
Physica C: Superconductivity 331, 85 (2000).
11 S. Savel’ev, A. L. Rakhmanov, V. A. Yampol’skii, and
F. Nori, Nature Physics 2, 521 (2006).
12 S. Rajasekaran, E. Casandruc, Y. Laplace, D. Nicoletti,
6G. D. Gu, S. R. Clark, D. Jaksch, and A. Cavalleri, Nature
Physics 12, 1012 (2016).
13 S. Rajasekaran, J. Okamoto, L. Mathey, M. Fechner,
V. Thampy, G. D. Gu, and A. Cavalleri, Science 359,
575 (2018).
14 K. Katsumi, N. Tsuji, Y. I. Hamada, R. Matsunaga,
J. Schneeloch, R. D. Zhong, G. D. Gu, H. Aoki, Y. Gallais,
and R. Shimano, Phys. Rev. Lett. 120, 117001 (2018).
15 H. Chu, M.-J. Kim, K. Katsumi, S. Kovalev, R. D. Daw-
son, L. Schwarz, N. Yoshikawa, G. Kim, D. Putzky, Z. Z.
Li, H. Raffy, S. Germanskiy, J.-C. Deinert, N. Awari,
I. Ilyakov, B. Green, M. Chen, M. Bawatna, G. Cristiani,
G. Logvenov, Y. Gallais, A. V. Boris, B. Keimer, A. P.
Schnyder, D. Manske, M. Gensch, Z. Wang, R. Shimano,
and S. Kaiser, Nature Communications 11, 1793 (2020).
16 K. Katsumi, Z. Z. Li, H. Raffy, Y. Gallais, and R. Shi-
mano, arXiv:1910.07695 (2019).
17 T. Cea, C. Castellani, and L. Benfatto, Phys. Rev. B 93,
180507 (2016).
18 M. Udina, T. Cea, and L. Benfatto, Phys. Rev. B 100,
165131 (2019).
19 M. Silaev, Phys. Rev. B 99, 224511 (2019).
20 Y. Murotani and R. Shimano, Phys. Rev. B 99, 224510
(2019).
21 R. Shimano and N. Tsuji, Annual Review of Condensed
Matter Physics 11, 103 (2020).
22 G. Seibold, M. Udina, C. Castellani, and L. Benfatto,
preprint 2020 (2020).
23 R. Matsunaga, N. Tsuji, H. Fujita, A. Sugioka, K. Makise,
Y. Uzawa, H. Terai, Z. Wang, H. Aoki, and R. Shimano,
Science 345, 1145 (2014).
24 N. Tsuji and H. Aoki, Phys. Rev. B 92, 064508 (2015).
25 L. Schwarz, B. Fauseweh, N. Tsuji, N. Cheng, N. Bittner,
H. Krull, M. Berciu, G. S. Uhrig, A. P. Schnyder, S. Kaiser,
and D. Manske, Nature Communications 11, 287 (2020).
26 L. Benfatto, S. Caprara, C. Castellani, A. Paramekanti,
and M. Randeria, Phys. Rev. B 63, 174513 (2001).
27 L. Benfatto, A. Toschi, and S. Caprara, Phys. Rev. B 69,
184510 (2004).
28 See supplementary information at... (2019).
29 F. Giorgianni, T. Cea, C. Vicario, C. P. Hauri, W. K.
Withanage, X. Xi, and L. Benfatto, Nature Physics 15,
341 (2019).
30 R. Matsunaga, Y. I. Hamada, K. Makise, Y. Uzawa,
H. Terai, Z. Wang, and R. Shimano, Phys. Rev. Lett.
111, 057002 (2013).
31 J. Corson, R. Mallozzi, J. Orenstein, J. N. Eckstein, and
I. Bozovic, Nature 398, 221 (1999).
32 L. S. Bilbro, R. V. Aguilar, G. Logvenov, O. Pelleg, I. Bo-
zović, and N. P. Armitage, Nature Physics 7, 298 (2011).
1Supplementary Information
Non-linear Terahertz Driving of Plasma Waves in Layered Cuprates
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S1. EFFECTIVE QUANTUM ACTION AND ANALOGY WITH THE NON-LINEAR SINE-GORDON
EQUATIONS FOR THE JOSEPHSON PLASMA MODE
The derivation of the quantum action for the phase degrees of freedom can be done following a rather standard
approach, see e.g. Ref.s1,26,27 and references therein. The basic formalism relies on the quantum-action representation
of a microscopic superconducting model in the presence of long-range Coulomb interactions. The collective variables
corresponding to the amplitude, phase and density degrees of freedom are introduced via an Hubbard-Stratonovich
decoupling of the interacting superconducting and Coulomb term. This allows one to integrate out explicitly the
fermionic degrees of freedom in order to obtain a quantum action in the collective-variables only, whose coefficients
are expressed in terms of fermionic susceptibilities, computed on the SC ground state. The result for the Gaussian
phase-only action in the isotropic three-dimensional case reads:
Seff [θ] =
1
8
∑
im,q
[
~22mχ˜ρρ +Dsq2
] |φ(im,q)|2. (S1)
Here Ds = ~2c2/4pie2λ2 and χ˜ρρ is the density-density susceptibility dressed at RPA level by the Coulomb interaction
V (q):
χ˜ρρ =
χ0ρρ
1 + V (q)χ0ρρ
, (S2)
where χ0ρρ represents the bare charge susceptibility, which reduces in the static limit to the compressibility of the
electron gas, i.e. χ0ρρ(m = 0,q → 0) ≡ κ. The nature of the Goldstone phase mode is dictated by the form of the
charge susceptibility. For the neutral system Coulomb interactions are absent and χ˜ρρ in Eq. (S1) can be replaced
by the bare one χ0ρρ. Thus, in the long-wavelength limit the pole of the Gaussian phase propagator defines, after
analytical continuation to real frequencies im → + iδ, a sound-like Goldstone mode: ω2 = (Ds/κ)q2. On the other
hand, in the presence of Coulomb interaction the long-wavelength limit of the charge compressibility (S2) scales as
χ˜ρρ → 1/V (q). In the usual isotropic three-dimensional case V (q) = 4pie2/q2, where ε is the background dielectric
constant, and one easily recovers from Eq. (S1) that
Seff [φ] =
1
2
∑
im,q
~2
4V (q)
[
2
m +
2
P
] |φ(im,q)|2, (S3)
where ω2P ≡ 4pie2Ds/~2ε = c2/2ε coincides with the usual 3D plasma frequency. In the case of cuprates one should
start from a layered model where the in-plane and out-of-plane superfluid densities are anisotropic, so that the Dsq2
term in Eq. (S1) is replaced by (4D⊥/d2) sin2(kzd/2) + D‖k2‖, with D⊥/‖ = ~
2c2/4pie2λ2c/ac. In addition, one can
also introduce an anisotropic expression for the Coulomb interaction, to account for the discretization along the z
direction26. Following e.g. the derivation of Ref.26 one then recovers in the long-wavelength limit the two expressions
(4) and (10) in the main text.
An alternative but equivalent approach is instead the one followed e.g. in Ref.s6,9,10,12,13, where one deals with
the equations of motion for the plasmon, coupled to the electromagnetic fields. The connection between the two
approaches has been derived in details in Ref.9,10. Once more, the authors start from a microscopic SC layered model,
and integrate out the fermionic degrees of freedom in order to build up an effective action for the phase field. The
effective quantum action then reads:
S =
∑
n,ri
∫
dτ
{
C0
2
(
1
2e
∂φn
∂τ
)2
− J⊥ cos(φn,ri(τ)− φn+1,ri(τ))−
∑
α=x,y
J‖ cos(φn,ri(τ)− φn,ri+δˆα(τ))
}
, (S4)
where ri is the two-dimensional in-plane coordinate running over each SC layer and δα is the in-plane versor along
the direction α = x, y. In Eq. (S4) the quantum term accounts for the capacitive coupling C0 = s/4piR2D between the
2planes, s and RD being, respectively, the layer thickness and the Debye length. By retaining leading orders in φ in
the cosine terms the Gaussian action of Eq. (S4) describes a sound mode, in full analogy with Eq. (S1) in the absence
of RPA resummation of the density response. Indeed, as emphasized in the main text, the presence of long-range
interactions is crucial in order to lift the sound mode to a plasmon. In Ref.9,10 this is achieved by adding explicitly
the electric and magnetic fields, and the corresponding scalar and vector potentials. To describe the out-of-plane
JPM one needs an electric field E˜zn,n+1 polarized perpendicularly to the planes. The magnetic field will then lie in the
plane, and we can take without loss of generality B˜yn,n+1 along the y in-plane direction. Hence the Gaussian action
becomes:
S =
∑
n,ri
∫
dτ
{
C0
2
(
1
2e
∂φn
∂τ
+ V˜n
)2
+
J⊥
2
(φn − φn+1)2 +
J‖
2
(
∆xφn − 2eaA˜xn
)2
+
1
8piD
[
(εE˜zn,n+1)
2 + (B˜yn,n+1)
2
]}
,
(S5)
where ∆xφn ≡ φn,ri(τ)−φn,ri+xˆ, a and D = d+s ' d are, respectively, the in-plane and out-of-plane lattice spacings.
By means of the Maxwell equations one can replace E˜zn,n+1 = (V˜n− V˜n+1)/D and B˜yn,n+1 = (A˜xn+1− A˜xn)/D into Eq.
(S5). The explicit integration of the e.m. potentials then leads:
SG⊥ =
C
2
∑
im,q
4 sin2(kzd/2)
1 + 4α sin2(kzd/2)
[
2
m +
2
P (q)
] |φ(im,q)|2, (S6)
where α = C/C0 and
2
P (q)
2
J
= 1 + 4α sin2(kzd/2) +
4 (c/ξ0)
2
sin2 (kξ0/2)
1 + 4(ab/d)2 sin
2(kzd/2)
(S7)
describes the full dispersion of the plasma mode as a function of q = (kz, k), with k laying in the in-plane propagation
direction. The pole equation for the Gaussian phase mode, i.e. 2 = 2P (q), is completely equivalent to the solution
of the linearized sine-Gordon equation for Josephson plasma waves previously addressed in the literature6,9,10,12,13.
In cuprates the constant α is usually very small, so the main dispersion of the plasmon comes from the last term
of Eq. (S7), which accounts for the inductive coupling between planes. In this approximation, the Gaussian phase
fluctuations identify a collective mode whose energy dispersion is obtained as the pole of the Guassian propagator for
phase fluctuations:
〈|φ(im,q)|2〉 = 1
4 sin2(kzd/2) [2m +
2
P (q)]
. (S8)
By analytical continuation im → + iδ in Eq. (S8) we then get
2 = 2P (q) =
2
J
[
1 +
4 (c/ξ0)
2
sin2 (kξ0/2)
1 + (ab/d)24 sin
2(kzd/2)
]
. (S9)
The relation (S9) is the same that one obtains by using the equation of motion approach discussed in Ref.s6,9,10,12,13.
In this case, one introduces directly the variable θn ≡ φn − φn+1 which represents the phase difference between
nearest-neighbour layers. It is then shown to satisfy the equation of motion6(
1−
2
ab
d2
∂2n
)[
1
2
J
∂2θn
∂t2
+ sin(θn)
]
−
2
c
ξ20
∂2xθn = 0, (S10)
where ∂2nfn ≡ fn+1+fn−1−2fn is the second-order discrete differential operator along the z direction, and analogously
∂2x for the x direction. As one can easily check, when sin θn ≈ θn Eq. (S10) admits a wave solution θn(x = mξ0, t) ∝
exp[i(kx + kznd − t)] where the frequency and the momentum q = (k, kz) satisfy Eq. (S9). In the approach of
Ref.s6,9,10,12,13, based on the study of the equation of motions, the electromagnetic field is completely eliminated and
the non-linear effects are included by retaining the full sin θn term in the sine-Gordon model (S10). In this case, a
real q solution for a propagating waves is only possible if one retains the full momentum dispersion in Eq. (S7). In
contrast, in our approach the plasma mode is first computed at Gaussian level, and then non-linear effects originate
by retaining in Eq. (S5) the full cosine term appearing in Eq. (S4), which is responsible for non-linear coupling to the
gauge potential. The phase mode is then integrated out in order to obtain the complete electromagnetic response, as
required to describe non-linear effects in the currents, see Eq. (3) and (6) in the main text. This is indeed the same
3approach that has been used so far to investigate the nature and the non-linear response of the SC Higgs mode, by
means of two-dimensional models able to describe the in-plane response17. In this view, the dispersion of the plasma
mode (as well as the Higgs mode in the case of amplitude fluctuations) is quantitatively irrelevant, and what matters
is only the resonance process which occurs when the pumping frequency matches the value of the Josephson frequency
J . For this reason we retained in our calculation the q → 0 long-wavelength limit in the phase propagator (S8), as
done in Eq. (4) of the main text.
To account also for possible dissipative effects one usually adds in the equation (S10) also a term linear in the time
derivative: (
1−
2
ab
d2
∂2n
)[
1
2
J
∂2θn
∂t2
+ r
∂θn
∂t
+ sin(θn)
]
−
2
c
ξ20
∂2xθn = 0. (S11)
This additional tern can be justified once more at microscopic level by following the derivation of Ref.26. Indeed, the
Dsq
2 term in Eq. (15) of the main text originates from the long-wavelength limit of the current-current correlation
function. Taking into account also the presence of a regular part σreg of the low-frequency conductivity due to normal
quasiparticles, one can easily show26 that Eq. (4) of the main text gets modified as:
SG,diss⊥ =
v
2d2
∑
im,kz
4 sin2(kzd/2)
(
2
m +
2
J + σreg | m |
) | φ(im, kz) |2 . (S12)
Using again the analogy between the pole of the phase propagator (S8) and the solution of the equations of motion
(S11) one understands why absorption by normal quasiparticles leads to dissipation of the plasma waves.
S2. DERIVATION OF THE NON-LINEAR KERNEL
The current Iα in the α = (x, y, z) direction is defined as usual through the functional derivative with respect to
Aα of the action SA:
Iα = −S.AA. α
. (S13)
As a general rule, to compute the third-order contribution to Iα in Eq. (S13) one needs to expand the e.m. action up
to fourth-order terms in A. For example the coupling term of the JPM to A2z in Eq. (5) in the main text leads to a
A4z contribution after integrating out the plasmon28. This is represented by the Feynmann diagram of Fig. 1b. There
each solid line denote the Gaussian phase mode, obtained from Eq. (4) as 〈|φ(im, kz)|2〉 =
{
4 sin2(kzd/2)
[
2
m +
2
J
]}−1.
Let us first focus now on the out-of-plane THG. As shown in Eq. (5) of the main text, by expanding the first cosine
term in Eq. (S4), once the minimal-coupling φn − φn+1 → φn − φn+1 − 2piΦ0 dAz has been performed, we find that:
S = SG⊥ −
pi2d2
Φ20
∑
n,ri
J⊥
∫
dτA2z(τ) (φn,ri(τ)− φn+1,ri(τ))2 + ... =
= SG⊥ −
√
T
Ns
pi2d4
Φ20
∑
im,i′m
∑
kz
J⊥k2zA
2
z(im − i′m)φ(im, kz)φ(i′m, kz) + ... (S14)
where dots denote additional terms not relevant for the χ(3) response, and we used the kz → 0 limit for the finite
difference along z. Starting from Eq. (S14) we can easily obtain the out-of-plane non-linear optical kernel. After
adopting the notation q ≡ (im, kz) the partition function of the system can be rewritten as:
Z =
∫
D[φ, φ]e− 12
∑
q,q′ [D(q,q
′)+R(q,q′)]φ(q)φ(q′), (S15)
where:
D(q, q′) = v
(
2
m +
2
J
)
k2z(.im − i
′
m)(.kz − k
′
z) (S16)
R(q, q′) = −
√
T
Ns
2pi2d4
Φ20
J⊥k2zA
2
z(im − i′m)(.kz − k
′
z). (S17)
4At this point we integrate out the phase fluctuations: this gives a contribution beyond RPA approximation to the
effective action equivalent to one-loop corrections in the phase mode. With straightforward algebra we obtain:
S(eff) =
+∞∑
n=1
Trq{(D−1R)n}
n
. (S18)
Therefore, the fourth-order action in A S(4) is:
S
(4)
⊥ = K0J
2
⊥
∑
im
A2z(im)T
∑
i′m
1
[(m + ′m)2 + 2J ][(′m)2 +
2
J ]
A2z(−im) (S19)
where we retained the only term contributing to the THG and we put all the multiplicative constants into K0. Eq.
(S19) corresponds to the Feynman diagram of Fig. 1b of the main text, that we reported in Fig. S1 with the explicit
frequency dependence. Here each solid line denotes a phase propagator, given by Eq. (S8) above. Notice that since
the gauge field couples to the phase gradient along z, see Eq. (S17), each k2z term from the vertex of the diagram in
Fig. S1 compensates a 1/k2z term from the denominator of the phase propagator in Eq. (S8). After computing the
Matsubara sum, i.e. T
∑
i′m
1
(m+′m)2+
2
J
1
i2m+
2
J
=
coth
(ø
¯J2
)
J (2m+4
2
J )
, the fourth-order effective action becomes:
S(4) =
∑
im
A2z(im)K⊥(im)A
2
z(−im), (S20)
where
K⊥(im) = K0
J2⊥
J
coth(βJ/2)
42J +
2
m
(S21)
is the out-of-plane non-linear optical kernel.
!
!
!
!
!0 + 2!,q
!0,q
J J
Figure S1. Feynman diagram representing the fourth-order term (S20). Here wavy/solid lines represent the vector poten-
tial/phase mode, respectively. The phase mode is computed at Gaussian level and it is given by Eq. (S8). Here q = (k, kz)
denotes the momentum of the JPM, being kz for the out-of-plane JPM, and k = (kx, ky).
Let us consider now the case of an in-plane polarized external e.m. field. Following the same scheme adopted for
the out-of-plane case we find that the in-plane fourth-order effective action is:
S(4) =
∑
im
∑
i,j
A2i (im)Kij(im)A
2
j (−im), (S22)
where Kij(im) = Mij
J2‖
‖
J
coth(β
‖
J/2)
4(
‖
J )
2+2m
. Mij = K0
 ∑kx,ky k4xk4 ∑kx,ky k2xk2yk4∑
kx,ky
k2xk
2
y
k4
∑
kx,ky
k4x
k4
 is the polarization-dependent tensor,
whose components read:
Mxx = Myy '
∫ 2pi
0
dφ cos4 φ =
3pi
4
(S23)
Mxy = Myx '
∫ 2pi
0
dφ cos2 φ sin2 φ =
pi
4
. (S24)
5Hence the tensor components of the in-plane non-linear optical kernel are those enlisted in Eq. (12) of the main text.
As a final step, let us show how the additional σreg|m| term of Eq. (S12) can be added to the non-linear kernel
in order to account for the effect of dissipation. In this case, the calculation is done by introducing a finite spectral
function to the phase mode A(z) ≡ zσ
(z2−2J)
2
+z2σ2reg
. One then finds that, in general, the kernel becomes:
K(diss)(im) = K0J
2
⊥
∫ +∞
−∞
dz
pi
∫ +∞
−∞
dz′
pi
A(z)A(z′)
b(z)− b(z′)
z′ − z + im , (S25)
where b(z) = 1
eβz−1 is the Bose function. If σ << J it can be shown that Eq. (S25) can be approximated, after
analytical continuation, as:
K(diss)() ' K0 J
2
⊥
J
coth
(
βJ
2
)
42J − ( + iσreg)2
. (S26)
Eq. (S26) is the expression used, indeed, to compute all the quantities of interest in the main text. In analogy with
Ref.6 we also assumed that
σreg = γ(T ) ≡ γ0 + r(T ), (S27)
where r(T ) = r0e−∆/T 6, and γ0 is a small regularization constant, which prevents the non-linear optical kernel
K(diss) to be ill-defined at T = 0. Both γ0 and r0 parameters are fixed by looking at the number of time-resolved
oscillations observed experimentally in the pump-probe set up of Ref.12 at low temperatures. To better reproduce
the experimental findings, in Fig. 2 of the main text we fixed γ0/2pi = 0.08 THz, while r0 = 0.3ωJ,0 in panels c,d and
r0 = 0.6ωJ,0 in panels e-h. There J,0/2pi = 0.47 THz is the out-of-plane plasma frequency at T = 0. In Fig. 3, instead,
we set γ0 = 0.1ωJ,0, where now ωJ,0/2pi = 240 THz is the T = 0 value of the in-plane plasma frequency.
S3. MODELLING OF THE BROAD-BAND PUMP PULSE
For a narrow-band multicycle pulse one can assume a monochromatic incident field, and the THG is simply related
to the non-linear optical kernel via Eq. (8). However, for a broad-band pulse with central frequency Ω, the THG is
more generally associated with the 3Ω component in the nonlinear current17,18:
INLi (ω) =
∑
j
∫
dω′Ai(ω − ω′)Kij(ω′)A2j (ω′), (S28)
as shown e.g. in Fig. 2e in the main text (with i, j = z and Kij = K⊥) at different temperatures. Here, Az(ω) is given
by the Fourier transform of Az(t) = A0e−t
2/τ2 sin (2piΩt), while A2z(ω) is defined as the Fourier transform of A2z(t).
The τ = 0.85 ps and /2pi = 0.45 THz parameters are set in such a way that the e.m. field Ez(t) ∝ −∂Az(t)/∂t well
reproduces the experimental pulse profile of Ref.13.
S4. PUMP-PROBE CONFIGURATION
In a pump-probe experiment designed to excite the out-of-plane JPM both the pump and probe fields are polarized
along z, i.e. Ez = Eprobe(t) + Epump(t). Here we will refer for simplicity to the transmission configuration, as
discussed in Ref.18,29, where one measures the variation δEprobe(t) of the transmitted probe field with and without
the pump, so that terms not explicitly depending on the pump field cancel out. This allows one to express it as
δEprobe(t) ∝
∫
dt′Aprobez (t)K(t − t′)(Apumpz )2(t′). By considering a fixed tg acquisition time and implementing the
time-delay tpp between the pump and the probe, δEprobe(tg; tpp) becomes a function of tpp only, as given by the first
line of Eq. (9). Finally, by computing from Eq. (7) the non-linear kernel in time domain, i.e. K(t) =
∫
d
2piK()e
−it =
F (T )e−γt sin(2J t), we derive the last line of Eq. (9).
For the reflection geometry used in Ref.12 the basic mechanism is the same, so that one expects that the differential
reflectivity signal scales with the convolution of the non-linear kernel times the pump field squared given in Eq.
(9). For the calculation of Fig. 2h in the main text we used the simulation of the broad-band pump field explained
above. For the in-plane response measured in Ref.16, the huge frequency mismatch between the spectral components
of the gauge field and 2‖J implies that only the term with t = tpp survives in the integral (9). As a consequences the
6oscillations are absent and δEprobe(tpp) simply scales as the square of the pump field, modulated by F (T ) and by the
polarization encoded in the kernel (12). Indeed, if the pump field forms an angle θ with the x axis and the probe
is applied e.g. along the x axis, from Eq. (9), properly generalized for the planar configuration, one easily sees that
δEx ∼ Kxx;xx cos2 θ + Kxx;yy sin2 θ = KA1g + KB1g cos(2θ). This is exactly the decomposition used to analized the
transient reflectivity measured in Ref.14.
